We investigate the electronic properties of the quantum rings modelled by a two-dimensional non-singular potential with the cylindrical symmetry as well as the influence of the potential's parameters on energy spectra. In the presence of the external magnetic field we also calculated the persistent currents in such structures in the ballistic regime.
Introduction
Physical understanding of the electronic properties of nanostructures allows us to fabricate the electronic elements which are widely applied as components of the new generation of electronic and photonic devices. The potential application of such elements in industry stimulates rapid development in nanotechnology and gives us motivation for preparing and studying a new class of confined structures. One of them are quantum rings that are very interesting objects due to potential implementations in optical devices or quantum computing based on a solid state environment. Therefore, the quantum rings have been extensively studied during the last decade both experimentally [1] [2] [3] [4] [5] [6] and theoretically [7] [8] [9] [10] . Many theoretical studies have investigated various aspects of the one-dimensional quantum rings (for a recent review, see [11] ) but the real experiments performed on the semiconductor quantum rings clearly show that these structures possess a finite width in the plane perpendicular to the ring axis [3] . These experimental results allowed one to introduce various theoretical models of confinement potentials for two-dimensional quantum rings [7, [12] [13] [14] . Recently, a few theoretical works have been devoted to the description of a three-dimensional ring [15, 16] .
At present, quantum rings are prepared by the standard techniques such as optical litography, electron beam litography, or self-organized Stranski-Krastanov growth. The application of self-organized techniques allows one to fabricate the semiconductor quantum rings with complex cross-section profile in the nanoscopic scale [6] . In such systems the number of electrons can be precisely controlled. In real experiments (e.g. Lorke et al. [3] ), the self-organized In x Ga 1−x As quantum rings contain one or two electrons. The shape of quantum ring is determined by co-existence of a few effects: the diffusion, strain and surface/interface energies. These effects can lead to complicated shapes of the confinement potentials. In other words, nontrivial geometry of self-organized quantum ring determines the electronic properties. The usual approach assumes a parabolic confinement potential of the ring with an average radius in the plane of the ring [7, 17] but it is far from realistic self-assembled quantum rings for which the confinement potential is originating from the growth process of such structures. We would like to clarify how the electronic properties are affected by the shape of the confinement potential of the quantum ring. Additionally, we consider the influence of an external magnetic field on its electronic properties. One of the particularly interesting effects that are observed in the magnetic field is the persistent current which is regarded as equilibrium properties of the system [18, 19] . The detection of persistent current in single, isolated [20, 21] , or assembly of semiconductor rings [22] is based on the measurements of the magnetic response which oscillates with a fundamental period h/e. The amplitude of this oscillatory component corresponds to a persistent current. Recently, a sudden application of persistent currents in the quantum computing was proposed by Zipper et al. [23] . They argue that semiconductor or metal rings with a barrier can lead to a formation of a qubit at low temperatures.
The main purpose of this paper is to explore the influence of the different geometric-confinement parameters and an external magnetic field on the electronic spectrum of semiconductor quantum rings. In the first part of our theoretical investigation, we concentrate on the influence of geometric-confinement parameters of the two-dimensional semiconductor quantum ring on the electronic spectrum. Afterward, we consider the effect of an external magnetic field on the electronic spectrum and we calculate the persistent current for different values of geometric--confinement parameters in the ballistic regime, where the mean free path exceeds the ring size. Our numerical calculations are based on one-band electron Hamiltonian within the effective-mass approximation. In the present study the electron-electron interaction is neglected (although the carrier density is very low) because we are interested in the influence of the geometric parameters of confinement potential on electronic properties of the ring.
Model of confinement potential
The potential that confines electrons in quantum rings is difficult to be estimated from the first principles as it was mentioned above. The profile of the confinement potential is not well known for quantum rings and strongly depends on the technique of fabrication [1, 6] . The experimental data based on scanning tunnelling microscopy or atomic force microscopy (AFM) measurements show that the height of fabricated quantum rings is about 2 nm, whereas an outer diameter in the plane ranges between 30 and 140 nm and an inner one of about 20 nm [2, 3, 5] . It implies that confinement along the vertical direction is very strong, while in the plane it is weaker. Therefore, in order to model such systems we use the confinement potential V conf which possesses the rotational symmetry along the growth axis. In this case we may split the potential V conf into two components, as follows:
where V (z) is the confinement potential along the vertical direction (growth axis). We assume that V (z) is modelled by the infinite well potential. The component V ⊥ (r, ϕ), in the x−y plane is called the lateral potential (see Fig. 1 ) and we propose it in the form
where V 0 is the depth of the potential and we set it to 200 meV. The rest of parameters R 0 , R 1 , b, p, and q are responsible for the shape of potential as it is shown in Fig. 2 . The parameter V 0 serves as a normalization coefficient and let us set the depth of the lateral potential. Among six parameters mentioned above we concentrate on the influence of four of them: R 1 , p, q, and b as those which significantly change profile of the potential and in consequence the energy spectrum. In this case we can neglect the influence of parameter R 0 , because it changes only the depth of the potential and during normalization to the level V 0 it is cancelled. The first one, R 1 , is responsible for the width of the ring's core. The larger it is the broader becomes the core. The second parameter, p, changes the width of the ring's core. When p increases, the broader the core is and simultaneously the core walls become steeper. The third parameter, q, changes the inclination of outer walls as well as the width of the ring's potential. Increasing q value, the ring becomes narrower and concurrently outer walls get steeper. For small q values of order 1 and less it distinctly increases the width of the ring's core. The last mentioned parameter b is responsible for height of the ring's core. While increasing b value we make lower the core of the ring. The appropriate choice of parameters allows us to modify the shape of the potential in the wide range. For example, if we fix exponential parameters p = 0 and q = 1, then we obtain the potential in the form of the linear combination of Gaussian functions that was used in Ref. [24] . If we fix the exponential parameter p = 0 and parameter b = 0 then we obtain the power-exponential potential which was applied to the description of the realistic quantum dots [25] .
The position of the minimum of the potential V ⊥ (r) corresponds to the average radius of the ring that is denoted by r 0 . This quantity can be found from the extremum condition for V ⊥ (r) when all above-mentioned parameters are fixed. The number of free parameters can be reduced if we expand the lateral potential into the Taylor series around the average radius r 0 , to the second order. This approximation means that for r close to r 0 , the confined potential is described by the displaced parabola, e.g. [14] ,
where m * ω 2 0 corresponds to the second derivative of potential V ⊥ (r) at r 0 . The parabolicity of potential at the neighborhood of the average radius of the ring is observed in experiment [3] . The form of confinement potential given by Eq. (1) allows us to use a total wave function in the separated form, namely
where the component ζ(z) of the total wave function is the solution of the Schrödinger equation for the potential V (z). The application of the finite well potential instead of the infinity one along the growth axis allows us to simply extend the presented model to a three-dimensional case as it has been considered in Refs. [15, 16] . We assume that the electronic wave function ζ nz (z) is frozen to the ground state in the vertical direction. It is a realistic assumption because, as we mentioned before, the quantum rings are not high in the vertical direction. It implies the large separation between energy levels ∆E = E (n z +1) − E (n z ) and thus we neglect the transitions to excited states in vertical direction in a first approximation. The function Φ(r, ϕ) which describes the motion of electrons in x−y plane has a form
where m l = 0, ±1, . . . , is the quantum number of the projection of the angular momentum onto the z-axis, and function R(r) is the solution of the lateral eigenvalue problem given by the radial Schrödinger equation,
for electron in the effective mass approximation and with the confinement potential given by Eq. (2). We note here that the lateral potential is modified by the centrifugal termh 2 m 2 l /(2m * r 2 ).
Calculation results
We performed our calculations using the GaAs material parameters, i.e. the effective mass of the conduction band m * = 0.067m e , where m e is the free electron mass. We calculated numerically the energy spectrum E n r ⊥ and the eigenfunctions R nr (r) of Eq. (6) using the imaginary time step method [26] . In the first step we apply this method to calculate the electron wave function for the ground state. In Fig. 3a-d we plotted the radial wave function for the ground state with m l = 0, 1, 2, 3, respectively. The excited-state wave functions were found using the same procedure associated with the simultaneous orthogonalization to the previously found wave functions for the lower energy levels. We have calculated the ground state energy as a function of parameters p, q, R 1 , and b. The results of these calculations are shown in Fig. 4 , and their qualitative explanation needs to include the centrifugal term which changes the shape of repulsive core of the lateral potential. In general, a position of the ground state energy on the energy scale depends on the effective width of quantum ring which is determined by the sum of the lateral potential and the centrifugal one for m l > 0. In particular, we observe a significant influence of the centrifugal term on the ground state energy for small values of p and R 1 parameters which modify the width of repulsive core (Fig. 4a and c) . Given small values of these parameters the repulsive core of the lateral potential is narrow thus the centrifugal term rises the bottom of the potential higher and in consequence the energy levels, too. On the other hand, the concurrence between the centrifugal term and lateral potential makes that decreasing height of the repulsive core (increasing b parameter) of the lateral potential changes weakly and almost linearly the energy levels (Fig. 4d) . In turn, changes of the q parameter have a small influence on the repulsive core width and thus the ground state energy level is determined by the width of the ring and the inclination of the outer wall. The energy shift due to centrifugal term is the same for all q values in the range (Fig. 4b) and ground state energy changes are determined by the q value. The ground state energy depends on the square of the quantum number m l . It means that ground state energy with m l > 0 is twofold degenerate. The degeneracy is doubled if the spin is taken into account.
Effect of magnetic field
We now consider the influence of the magnetic field on the electronic properties of quantum ring. The external magnetic field is applied along the growth axis (perpendicular to the ring plane). The total magnetic field consists of the uniform magnetic field B and the flux Φ AB through the core of the quantum ring. The vector potential, A(r), has a form of the sum of two terms, namely [27] [28] [29] :
where k is the versor along the z-axis. The one-band Hamiltonian within the effective mass approximation in cylindrical coordinates including the magnetic field, B = ∇ × A(r), is given by the formula
where q is electronic charge,σ z denotes z Pauli spin matrix and Φ AB = Bπd 2 /4 is the magnetic flux through the ring's core. Symbol d denotes the core's diameter that we define as a width in a half-height of the potential V ⊥ . In the present study we neglect the dependence of g * -factor on the ring parameters and we use the effective Landé factor for GaAs, i.e. g * = −0.44. The magnetic field applied to the system along the z-axis does not break the cylindrical symmetry, therefore we use the wave function in the form
where s denotes the spin states, and χ s represents eigenspinor. The form of wave function allows us to reduce the eigenvalue problem for the Schrödinger equation,ĤΨ (r, ϕ, z, s) = EΨ (r, ϕ, z, s), with the Hamiltonian given by Eq. (8) to the eigenvalue problem for the radial Schrödinger equations for each spin state, separately. The energy spectrum of the radial Schrödinger equation is calculated numerically by employing the imaginary-time step method. Figure 5 presents results of our calculation for the ground state energy as a function of flux's number of a magnetic field penetrating the core area.
The calculations were done for the potential V ⊥ (r) with the following parameters: V 0 = 200 meV, R 1 = 18.5 nm, b = 0, p = 1.0, q = 1.0. In the case of narrow quantum rings that are modelled by the one-dimensional models, the ground state energy as a function of flux's number is described by the Fock-Darwin curves E 0 (Φ AB /φ 0 ) with a minimum always at the same level. In Fig. 4 , we see that the minimum of each curve shifts to a larger value of energy for consecutive values of the quantum number m l > 0 as the flux's number increases. The effect is due to the finite width of the quantum rings [30] .
One of the purely quantum effects that occur in the quantum rings is the persistent current. The existence of non-zero persistent current in such systems results from the fact that the electronic wave function is coherent in the presence of magnetic field around the ring. This nontrivial effect is presented in the closed loop structures, if the phase coherent length ϕ is bigger than the ring circumference 2πr 0 , where r 0 is the average radius of the ring [31] . The first measurements of the persistent current in single, isolated metallic loops have been made by Chandrasekhar et al. [20] . The experimental results allowed them to estimate the magnitude of the persistent current of order (0.3−2.0)I 0 , where I 0 = ev F /(2πr 0 ) ≈ 5 nA is the theoretical value of the amplitude of the persistent currents [18] . Two years later, Mailly et al. [21] reported the measurements of the persistent current in a semiconductor mesoscopic ring. The authors found a typical current amplitude of I typ = I 2 = 4 ± 2 nA after averaging different measurements. For the quantum rings with a finite width, the amplitude of the persistent current can be estimated by a formula I = βI 0 at T = 0 K, where correction factor β is related to the geometrical parameters of the potential and it is proportional to the square root of the transverse channels number [32, 33] . We calculate the persistent current associated with the single-particle state by integrating the corresponding density of probability current,
along the radial direction as follows [29] :
where −e is the electron charge. Using these methods of calculation of the persistent currents we include the correction factor β in a quite natural way. The total persistent current, I, of the ring is given by the formula
where the summation runs over all occupied states. We have calculated the persistent current as a function of flux for different values of parameters p, q, R 1 , and b. The results of our calculations are presented in Fig. 6 . We observe characteristic oscillations of the persistent current values with the flux's number of a magnetic field as it was presented in [18, 19] . In our system the period of oscillations is equal to 1 [Φ AB /φ 0 ]. Furthermore, the period is independent of the potential parameters (profile of the potential). The value of the persistent current for a given flux is proportional to parameters q and b and inversely proportional to p and R 1 . In other words, the narrower is the ring and the ring's core the bigger is persistent current value for a given flux. The parameter p is responsible for the width of the ring's core. Increasing p value we broaden the core. The ring average radius grows up moving electron further from the ring's center. In effect, the persistent current amplitude decreases (Fig. 6a) . While changing q value we manipulate the width of the ring. When q rises the outer wall of the ring becomes steeper and the width of the ring becomes smaller. Thus the electron is squeezed in a lateral direction and moved toward the ring's core. In consequence, it reacts stronger to magnetic flux changes and the persistent current amplitude grows (Fig. 6b) . When R 1 raises the ring becomes wider and the influence on persistent current (Fig. 6c) is opposite to the effect of changes of q parameter. Changing the parameter b we modify the height of the core. For lower core we achieve a bigger amplitude of the persistent current because the electron can penetrate also the core's area of the ring. In consequence, it interacts stronger with a magnetic field flux penetrating the core's area. For all cases it can be seen that the amplitude of changes of the persistent current slightly decreases as the values of parameters p, q, R 1 , and b increase. This effect originates from increasing flux that influences the width of the repulsive core and moves the electron more outside.
Concluding remarks
We have used a two-dimensional confinement potential of a quantum ring to study the effects of shape on its electronic properties. We have performed numerical calculations of the one-electron energy spectrum of two-dimensional quantum rings as a function of the geometric-confinement parameters using the imaginary-time step method. We have shown that ground state energy of the confinement potential is a monotonic function of these parameters. The flexibility of the model of confinement potential allows us to state that it is a very good candidate for the modelling of three-dimensional self-organized quantum rings.
Using this model, we have studied the effects of an external magnetic field (applied in the axial direction of the ring) on the energy spectrum. We also have analyzed the influence of geometric-confinement parameters on the persistent currents in the ballistic regime. We show that the amplitude of the persistent currents is very sensitive to these parameters. The main conclusion of these calculations is that the amplitude of the persistent current's changes is proportional to the core's width and inversely proportional to the ring's width. In other words, the narrower is the ring and its core the larger is amplitude of the persistent current.
In view of increasing interest on fabrication of semiconductor quantum rings with complex shapes using the self-organized techniques, the presented work can be regarded as a basis for the understanding of self-organized semiconductor quantum rings.
